Standard risk management focuses on short-run risks rather than longer periods. We introduce an improved risk measure which can be used to estimate both short-and long-term structure of value at risk and the corresponding expected shortfall. The short-and long-term coherent measure of risk is specified and computed for both S&P 500, HSI and SHSZ 300. We also test long-term skewness and kurtosis from empirical analysis for S&P 500, HSI and SHSZ 300. We also show that our improved risk measure gives a better estimate of the value at risk for short horizons and never decreases to negative values like VaR for long-run horizons. Both long-term skewness and kurtosis for HSI and SHSZ 300 are analyzed empirically.
raises an important challenge question on the risk assessment to measure both short-and long-term risk. The short-term nature of VaR and ES (expected loss) is a very important feature. Positions held for more than one day will have additional risk due to the fact that risk itself can change with respect to the time horizon (see Engle (2009) ). Most investors and financial firms hold much longer than one day and changes in risk will be a very important determinant of returns. The risk measure VaR with specified quantile can be negative for long horizons 1 , where positions and economic agents and financial firm managers fail to respond these risk appropriately. Acharya et al (2010) find these are two key features among other things. Engle (2011) points out that there two features are inextricably linked, and it is unlikely that we will be able to quantify the relative importance of miss-measurement of risk from the incentives to ignore risk. The most widely used risk measure with frequently criticized is the value at risk VaR of a firm or portfolio. This is the 1% quantile of the distribution of future values and is typically defined over the next trading day.
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The mis-use of the short-run VaR into assessing long-term risk during the financial crisis is arguably one of many causes for the 2007-2008 financial crisis.
In this paper, we introduce an extension VaR of the traditional value at risk VaR for any quantile α level. Our generalized value at risk is sufficiently close to the variation of VaR for short time horizons, and is always positive for long-term horizons. Engle (2011) ). We study this property for both S&P 500, HIS and SHSZ 300 to indicate that this is always the case.
For these three indices, Engle's (2011) VaR decreases first and tips up to stay in positive range and approach to the maximum probability one. Dubil (2009) shows that the focus on distribution simplifications, linear options approximations, variance modeling and heteroskedasticity does not help the VaR practitioner deal with the efficient loss value sampling faced by a bank with thousands of positions, hundreds of risk factors, various derivatives with nonlinear cross-termed factor exposure 2 . We use the normal distribution to estimate the extended VaR, and leave the further volatility roll-over (those five models studied in Engle (2011) ) into the computation for a future study. From our empirical test on VaR , the extended VaR is more accurate in a short horizon, say 1-year. Hence, it would be possible to apply VaR into Solvency II, QIS, Market Risk and Insurancerisks (see Egidio dos Rels et al (2009)). Jackson et al (1997) analyze the empirical performanceof different VaR models using data on the actual fixed income, foreign exchange andequity security holdings of a large bank. Artzner et al (1997 Artzner et al ( , 1999 ) define a unified frame work for market risks as well as nonmarketrisks without assuming completeness of markets. These coherent measures of risk satisfythe basic four properties (translation invariance, subadditivity, positive homogeneity and monotonicity) and can be adapted as capital requirements to regulate the risk. Acerbi and Tasche (2002) show that the expected shortfall is a coherent risk measure which resolvesthe deficiencies of value-at-risk. With our extended short-and long-term value-at-risk, we introduce the short-and long-term coherent measure of risk corresponding to the extended value-at-risk. The tail conditional expectation at a level α quantile, and the extended α-tail mean as well as the extended expected shortfall are defined and computed in Section 3. The extended expected shortfall is a coherent risk measure in the sense of Artzner et al (1999) and Delbaen (2002) .
The paper is organized as follows. Section 2 introduces the extension of the value at risk defined by Engle (2011) and studies its basic properties. Section 3 defines the extended tail conditional expectation, the extended α-tail mean and the extended expected shortfall. Section 4 compares both our extension risk measure and VaR for short-and long-term horizons for S&P 500, and the short-and long-term skewness and kurtosis of S&P 500 are also presented. Section 5 illustrates the HSI and SHSZ 300 for both extended VaR and VaR as well as short-and long-term skewness and kurtosis. We conclude in Section 6.
Short-and Long-term Structure of Risk
The short-and long-term risks are measured from short horizons as one day or one week to long horizons as one year or many years. Usually the risk measure is considered as the losses that would result from underlying asset moves over various time horizons. The important challenge to risk assessment is to develop risk measures that can capture both short-and long-term risks, as Engle (2011) points out. This risk measure is the crucial instrument to optimal investment strategies under such a short-and long-term structure of risk. The serious challenge is not how to conceptually define such risks, but how to measure such risks.
In this section, we introduce a risk measure that is well-defined for both short-and long-term structure such that the risk measure is reduced to the short-term risk measure when one restricts to a show period of time horizon. The term structure of the risk measure is a natural analogue of the term structure of interest rate and the term structure of volatility as Engle (2011) studies.
Let S t be the value of a portfolio at time t and s t = lnS t be its log value. The loss is the difference (S t+ T-S t ) between the period T value and the current value of the portfolio. The term structure is with respect to the period T. Hence, the VaR at the level alpha and the time horizon T per dollar invested is given by
The structure of risk requires the distribution of the underlying asset at time t+T with a current information F t , the conditional probability with the loss is given by the predetermined quantile α. In another word, for a given time horizon T and the confidence level α, the value at risk is the loss in market value over the time horizon T exceeded with 
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Subtracting the term s t and moving the conditional expectation E t s t+T , we have 0 , 
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Where μ is the expected return (see also Engle (2011) The Derivatives Policy Group proposes a standard quantile α=0.01 and time horizon two weeks for over-the-counter derivatives broker-dealer reports to the Securities and Exchange Commission. This value at risk measures the 99% confidence level of the probability distribution of changes in market value in the statistic sense. BIS (Bank for International Settleements) sets α=0.01 and time horizon T to 10 days for measuring the adequacy of bank capital, and J. 
Therefore we obtain the extension of the risk measure
The expression (6) shows that the risk measure is no longer negative for any large T, and for any T>0, The rate of the change with respect to the term structure T is given by the sum of the positive rate of change term 0 , VaR eventually increases to its maximum value 1 at the infinity term structure.
From the term structure point of view and (2), we have , ,
(1 ) (1 )
By (7) To summarize the relations among three different VaR's, we make the following characteristics.
(1) 
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For the mean logarithmic return zero, we have the expected loss is given by 0 0 , ,
By using extreme value theory, the Pareto distribution is given by
where the only parameter λ is required to estimate the probability. define a threshold x 0 so that all data exceeding this x 0 follows the Pareto distribution. This will be used to form a maximum likelyhood estimator of the unknown tail parameter. Hence, the Hill estimator is 0 ,
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Resnick and Starica (1995) and references therein show that Hill's estimators in (9) is consistent for the tail index of the marginal distribution in a time series context provided the marginal distribution is independent of the time.
Assume that the long term tail beyond ,T
VaR follows the Pareto distribution, and with the Hill's estimator  , the lower tail by focusing on losses 1-S t+T /S t , ,,
Coherent Risk Measurement from
VaR Artzner et al (1997 Artzner et al ( , 1999 ) introduce a constructive evaluation for the capital requirement with four basic desired properties, since the managing risk by VaR may fail to stimulate diversification and VaR does not satisfy the sub-additive property (see Embrechts (2000) for review on this criticism). Acerbi et al (2002) define the expected shortfall which is both coherent and easy to compute and estimate. The expected shortfall as a coherence risk measure is easier to compute than the tail conditional expectation and the worst conditional expectation defined by Artzner et al (1999) .
For our extended
VaR , we define the corresponding tail conditional expectance, α-tail mean and the expected shortfall to formulate both coherent and easy risk measure. For the fixed quantile α, we define the tail conditional expectation at a level α is the measure of risk given by , , ,
where X t,T =S t+T /Sthe worst conditional expectation is defined in Artzner et al (1999) 
Estimating VaR for both Short-and Long-Terms
In this section we compare both VaR and VaR for S&P 500 for both short-and longterms. Using the empirical data, we test the behavior of VaR . We analyze the short-and long-term skewness and kurtosis for S&P 500.
Comparing VaR with VaR for S&P 500
Figure 1. Engle (2011) that VaR(L) does not matter for short horizon whether expected returns are considered or not but for longer horizons VaR(L) becomes negative. For S&P 500, the risk measure goes to negative after 13 months. On the other hand, our risk measure VaR (denoted by VaR(UL)) decreases gradually first and tips up at T=0.9. During the period of 5 years, the curve VaR(L) stays in positive range and gives a meaningful extension of the long-term risk measure. This is further verified for taking an even longer period T=10 as in Figure 3. 
This is typically predicted by

Long-term skewness and kurtosis for S&P 500
Engle (2004) in his Noble lecture argues that asymmetric volatility models generate multi-period returns with negative skewness even if the innovations are symmetric. Engle (2004) further states that the kurtosis of the nineties is substantial at 6.8, while for the full sample it is a dramatic 41. This is strong evidence that extremes are more substantial than would be expected from a normal random variable 8 . The negative returns predict higher volatilities than positive returns, the high volatility after negative returns means that the possible market declines are more extreme than the possible market increases (see Berd, Engle and Voronov (2007) and Engle (2011) ).
The skewness is defined in terms of long horizon continuously compounded as
With log return, sk t (T) measures focuses on asymmetric of the distribution and provides a systematic deviation from symmetry and negative skewness means that large declines are more likely than similar size increases. If one holds long positions, then negative skewness is a source of concern for VaR, as the large negative returns are more likely than large positive returns in the sense of skewness. Figure 4 . short-term skewness of S&P 500 Figure 5 . mid-term skewness of S&P 500 Figure 4 for the one year horizon shows that the skewness for T = 0.04, 0.06; …, 1 are all negative and continuously decreasing until T=0.6 about 30 weeks. The skewness starts to increase after T=0.6. For the first 1 to 100 days, our Figure 4 is same as Figure 6 of Engle (2011). But we look for even longer horizon so that the skewness measures are negative, and are not increasingly negative for longer horizon. This improves the Engle (2011)'s findings 9 . Engle (2011) already realizes this fact that the data appears to be more negatively skewed for short horizons and less negatively skewed for long horizons than the models, and develops an econometric test to determine whether the long-term skewness implied by a set of parameter estimates is significantly different from that in the data in section 4. The Monte Carlo critical values are computed, and the models cannot be reject for misspecification of long-term skewness. All those different models (GARCH, TARCH, EGARCH, APARCH, NGARCH, ASQGARCH) appear to generate long-term skewness that is consistent with the S&P data. As we extend the longer horizon from one year to five year, Figure 5 shows the skewness continuously increases after T=0.6 and changes from negative to positive around T=3.55. When one looks for even longer horizon T=10 years, the skewness curve in Figure 6 shows that the skewness starts negative and increasingly negative until T=3.55, then increases from negative to positive until T=6.6, and finally decreases after T=6.6. This reects the high volatility of the possible market declines and increases during this 10 years. Figure 6 . long-term skewness of S&P 500 The kurtosis is de_ned by the following,
The kurtosis measures the tail-fatness. Duffie and Pan (1997) show that the S&P 500 daily returns for 1986 to 1996 have an extremely high sample kurtosis of 111, in large measure due to the exceptional returns associated with the market crash of October 1987. At the quantile 0.01, the S&P 500 historical returns for 1986 to 1996 is about 2.49 standard deviations from the mean. Fat-tails measured as the kurtosis, the behavior and estimates of volatilities are key issues to understand the price risk. The kurtosis estimates are highly sensitive to extremely large return. . long-term kurtosis of S&P 500 Figure 7 shows that for one year horizon the kurtosis with 0.02 steps is zigzagged and gradually decreased in this period. Figure 8 for five year horizon indicates the decreasing behavior continues to reach to zero around T=2.15 and tends to negative value (below the standard kurtosis 3). See also Figure 9 for the longer time kurtosis.
Long-term structure of VaR , skewness and kurtosis for HSI index
In this section, we adopt the method developed in previous section to empirically test the Hong Kong Hang Seng index (HSI) and the chinese Hushen 300 index (SHSZ 300) on the VaR , skewness and kurtosis.
Long term VaR for HSI
We use the HSI data from Jan. 2, 1990 2, to Dec. 31, 2012 to analyze the time horizon from one year, five year and ten years separately. For the reason that the average trading days of HSI is 249 every year, the short-term step we choose is a week 5/249 as 0.02, the mid-term step we choose is a month 25/249 as 0.1, the long-term step we choose is two months 50/249 as 0.2. Figure 13 shows that the short term skewness is also negative between -0.5 and -0.75. Unlike the increasing negative skewness of S&P 500 for the one year horizon which is more negative than HSI. The systematic deviation from symmetry of HSI is smaller than the one of S&P 500, and HSI negative skewness means that large declines are more likely than similar size increases. But compared with S&P 500, HSI decline is smaller size-wise. Figure 14 for the five year horizon shows that the skewness starts to be positive after T=2.85. See also Figure 15 for the ten year horizon case. For the five year horizon the kurtosis of HSI is near the kurtosis of a normally distributed shock. The Hong Kong HSI shows that return shocks have no fatter-than-normal tails, measured by kurtosis at the confidence level α=0.01.
Long-term skewness and kurtosis for HSI
Similarly the ten year horizon kurtosis is presented in Figure 18 .
Long term VaR for SHSZ 300
We use the SHSZ 300 data from Jan. 4, 2002 4, to Dec. 31, 2012 to analyze the time horizon from one year, five year and ten years separately. For the reason that the average trading days of HSI is 242 every year, the short-term step we choose is a week 5/242 as 0.02, the mid-term step we choose is a month 25/242 as 0.1, the long-term step we choose is two months 50/242 as 0.2. 
Long-term skewness and kurtosis for SHSZ 300
Figure 22. short-term skewness of SHSZ 300 Figure 23 . mid-term skewness of SHSZ 300 Figure 24 . long-term skewness of SHSZ 300 Figure 22 shows that the short team skewness is positive between 0 and 0.6. While the skewness of S&P and HSI is negative and decreasing gradually, the skewness of SHSZ 300 is always increasing and approximately positive. Figure 23 for the five year horizon shows that the skewness of SHSZ 300 starts to decrease after T=2 , and while T=3.5, the skewness becomes negative. Figure 24 for the ten year horizon is zigzagged and gradually increased after T=5. Figure 25 shows that for one year horizon the kurtosis changes between 0.5 and 1. In the same way, there exists no fatter-than-normal tails in the SHSZ 300 return shocks, measured by kurtosis at the confidence level α=0.01. Figure 26 for five year horizon shows that the kurtosis is near to the kurtosis of a normally distributed shock before T=2.5. But while T=3~4, the SHSZ 300 return shocks have a little fat tail. Figure 27 for ten year horizon shows that the SHSZ 300 return shocks are approximately near to the kurtosis of a normally distributed shock after T=4.
Discussion
In this paper, we introduce an extension VaR of the traditional VaR for any quantile level. Our generalized value at risk is a refinement of VaR defined in Engle (2011) for short time horizons, and always makes sense (positive) for long-term horizons. The value at risk VaR defined in Engle (2011) will be negative for some long-term horizons. Our extension VaR provides an possible answer to the challenge question raised by Engle (2011) .
For both S &P 500, HSI and SHSZ 300, Engle's (2011) VaR always decreases to negative value and our extension VaR always takes positive values and gradually increases to the maximum value 1. In a certain sense, our extension VaR of the value at risk VaR defined in Engle (2011) provides a risk measure for both short-and long-term risk. From our empirical test on VaR , the extended VaR VaR is more accurate in a short horizon, say 1-year. Hence, it would be possible to apply
VaR into Solvency II, QIS, Market Risk and Insurance risks. With our extended short-and long-term value-at-risk VaR , we introduce the short-and long-term coherent measure of risk (extended expected shortfall) corresponding to the extended value-at-risk. The tail conditional expectation at a level α quantile, and the extended α-tail mean as well as the extended expected shortfall are defined and computed (see Proposition 3.1).
